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Spin-current absorption by inhomogeneous spin-orbit coupling
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We investigate the spin-current absorption induced by an inhomogeneous spin-orbit coupling due
to impurities in metals. We consider the system with spin currents driven by the electric field or
the spin accumulation. The resulting diffusive spin currents, including the gradient of the spin-orbit
coupling strength, indicate the spin-current absorption at the interface, which is exemplified with
experimentally relevant setups.
PACS numbers: 72.25.Ba, 72.25.Mk
I. INTRODUCTION
Spintronics aims to utilize not only the charge degree
of freedom but also the spin degree of freedom1. Spin
currents are an important notion in spintronics from the
aspect of both basic and applied science. Spin currents
are generated by a current injection into a ferromagnet
or spin pumping using the magnetization precession2,3.
Other methods to generate spin currents are the spin
Hall effect4–6 or the excitation of the spin wave7. In
the development of spintronic devices, techniques to de-
tect spin currents efficiently are indispensable as well as
the spin-current generation. For instance, spin currents
have been successfully detected via the inverse spin Hall
effect8–10. Due to this effect, spin currents are converted
into electric currents and therefore are observed as a volt-
age drop. The electric voltage induced by the spin cur-
rent has been observed in a lateral junction of a ferro-
magnetic metal and a nonmagnetic metal with spin-orbit
coupling (SOC) such as aluminum8 or platinum9,10. In
particular, platinum is a typical spin-current detector be-
cause of its strong SOC due to impurities, which is used
to absorb a spin current7.
Kimura et al. demonstrated the spin-current detec-
tion via the inverse spin Hall effect and suggested that
the absorption of the spin current occurs from the Cu
cross into the Pt wire10. They explained the spin-current
absorption using the resistance mismatch for the spin
current. Namely, they defined the spin resistance as
Rs = λ/[σS(1 − P 2)] with the spin diffusion length λ,
the spin polarization P , the conductivity σ and the ef-
fective cross-sectional area S for the spin current, and
then considered that the spin current flowing in a mate-
rial is absorbed into the adjacent material with smaller
spin resistance10,11. Since platinum is a strong spin-orbit
coupled material while copper is a weak one, the spin
resistance of Pt is smaller than that of Cu and hence
the injected spin current in the Cu cross is partly ab-
sorbed into the Pt wire. Here, the difference of the SOC
strength, i.e., the inhomogeneous SOC is the key to the
absorption of spin current. As shown above, the physics
of the spin-current absorption induced by an inhomo-
geneous SOC has been understood only phenomenolog-
ically, in that previous theories involve the phenomeno-
logical parameters such as the spin-diffusion length or the
spin resistance12,13 and microscopic theories of the spin-
current absorption are missing. The spin Hall effect14–16
and the spin-current generation17 due to an inhomoge-
neous Rashba SOC have been theoretically examined.
Also, a spin current generation near an interface due to
interfacial spin-orbit coupling has been investigated18.
In the present work, we consider the spin-current ab-
sorption as follows. In general, the spin-continuity equa-
tion for spin-orbit coupled systems has a source term:
∂sα
∂t +∇ · jαs = T α. Here, sα, jαs and T α represent the
spin density, the spin current and the spin torque (or
source term) with α being a component in spin space,
respectively. Thus, the divergence of spin currents in
the steady state is non-zero and therefore leads to the
generation of spin currents. We refer to a spin-current
generation induced near an interface between different
spin-orbit coupled materials or due to an inhomogeneous
SOC as the spin-current absorption. On the other hand,
the spin-current absorption in previous phenomenologi-
cal studies is based on the continuity of a spin current
at an interface, and therefore absorbed spin currents are
not generated ones at the interface.
In this paper, we theoretically examine the spin-
current generation induced by an inhomogeneous SOC
due to impurities. We consider the spin-current absorp-
tion in systems where spin currents are generated by an
external electric field in Sec. II. In Sec. III, we also
investigate systems where spin currents are induced by
spin accumulation. We present analytical expressions of
the spin currents as a response to the gradient of the
SOC strength. Then, we apply these results to the vicin-
ity of the interface between metals with different SOC
strengths, verifying the absorption of spin currents. Sec-
tion IV is devoted to the discussions. We summarize the
paper in Sec. V.
2II. ABSORPTION OF SPIN CURRENT
DRIVEN BY EXTERNAL FIELD
A. Model and Formalism
We consider the ferromagnetic conductor in the pres-
ence of the spin-orbit scattering due to impurities19–22
and assume that the coupling constant of the spin-orbit
scattering slowly varies in space. This spatial variation
of the SOC has not been considered so far. In order
to address the spin-current absorption, we describe the
input spin current by the spin-polarized current flowing
in a ferromagnet under an external electric field. The
total Hamiltonian is thus composed of the free-electron
part with the exchange coupling (HFM), the impurity-
scattering part (Himp), the SOC due to impurities with
its minimal substitution (H0SO +HASO), and the interac-
tion between the vector potential and the electric current
(Hem):
HFM =
∑
σ=±1
∫
dr c†σ(r, t)
(
− ~
2
2m
∇2 − ǫFσ
)
cσ(r, t),
(1)
Himp =
∑
σ=±1
∫
dr U(r) c†σ(r, t)cσ(r, t), (2)
H0SO =
~
2i
∑
σ,σ′=±1
∫
dr λSO(r)
×∇U(r) · c†σ(r, t)
(←→∇ × σσσ′) cσ′(r, t), (3)
HASO = e
∑
σ,σ′=±1
∫
dr λSO(r)
×∇U(r) · c†σ(r, t)(A(r, t)× σσσ′ )cσ′(r, t), (4)
Hem = e~
2mi
∑
σ=±1
∫
dr A(r, t) · c†σ(r, t)
←→∇ cσ(r, t). (5)
Here, cσ(r, t) (c
†
σ(r, t)) represents the annihilation (cre-
ation) operator of a conduction electron, σαβ repre-
sents Pauli matrices, e(> 0) is the electric charge and
c†σ
←→∇ cσ ≡ c†σ∇cσ − (∇c†σ)cσ. σ = 1 and σ = −1 corre-
spond to the up (↑) and down spins (↓), respectively. We
set ǫFσ ≡ ǫF + σM with ǫF the Fermi energy and M the
exchange energy. λSO(r) represents the SOC strength
with spatial variation, averaged over the impurity posi-
tions. A(r, t) is the vector potential for the external elec-
tric field and we adopt the fixed gauge as Eem = −A˙.
U(r) is the short ranged random impurity potential and
averaging over the impurity positions is carried out as
〈U(r)U(r′)〉imp = u20nimpδ(r − r′), where u0 and nimp
are the strength of the impurity potential and the im-
purity concentration, respectively. Here, we assume that
the exchange field is much stronger than the stray field
and hence we neglect the effect of the stray (magnetic)
field in our model. Note that, in the Hamiltonian H0SO,
the operator ∇ does not act on λSO(r).
The quantum description of the spin current is ob-
tained by identifying the Heisenberg equation of mo-
tion for the spin density with the spin-continuity
equation22,23. The spin current operator in the i-
direction with α-spin polarization reads
(jˆαs )i ≡
1
2m
~
i
c†(r, t)σα
←→
∂ ic(r, t)− e
m
Aiσ
αc†(r, t)c(r, t)
+λSO
∑
j
ǫαji∂jU(r)c
†(r, t)c(r, t).
(6)
The spin current is thus given by (see also Fig. 1 )
(jαs )i =
1
2m
~
2
i
∑
k,k′
ei(k−k
′)·r(k + k′)itr [σ
αGk,k′ (t)]
<
−e~
m
∫
dΩ
2π
eiΩt
∑
k,k′,q
ei(k−k
′+q)·rAi(q,Ω)tr [σ
αGk,k′ (t)]
<
+i~
∑
j
∑
k,k′,u,p
ei(k−k
′+u+p)·rǫαjipjλSO(u)U(p)tr [Gk,k′(t)]
<
.
(7)
Here, Gk,k′(t, t
′) ≡ 1i~ 〈Tc [ck(t)c†k′(t′)]〉 denotes the time-
ordered Green’s function (Keldysh Green’s function) of
the total Hamiltonian and Gk,k′ (t) ≡ limt′→tGk,k′(t, t′).
[· · · ]< means taking the lesser component of the Green’s
functions and tr[· · · ] means taking trace over spin.
We perturbatively calculate the spin currents induced
by the inhomogeneity of the SOC strength using the
Keldysh Green’s function formalism. We considerHFM+
Himp as the non-perturbative part and H0SO, HASO and
Hem as perturbative parts. We remark that the non-
perturbative Green’s function contains the self energy by
the impurity scattering within the first Born approxima-
tion. Within the linear response with respect to the elec-
tric field, the second part of the spin currents in Eq.(7)
corresponds to an equilibrium spin current, and therefore
we ignore this contribution. The leading contributions of
the spin current contain the first order term with respect
to the SOC strength λSO. Since we are interested in spin
currents generated by the inhomogeneous SOC strength,
we focus on the contribution with the spatial derivative
of the SOC strength. The third part of the spin currents,
on the other hand, does not involve the spatial deriva-
tive of the SOC strength. Consequently, the first part of
Eq.(7) is relevant to our study.
B. Local spin current
We first treat the local spin current, which is driven
by the external electric field locally. The diagrams of the
local spin current are shown in Fig. 2. The inhomogene-
ity of the external electric field is required when we dis-
cuss the leading effect driven by an inhomogeneous SOC
3FIG. 1. Diagrams of the spin current for the total Hamilto-
nian. Bold lines denote the total Green’s function. An wavy
line denotes the vector potential (A(q,Ω)). A broken line and
double broken line represent the SOC strength (λSO(u)) and
the impurity potential (U(p)), respectively.
FIG. 2. Diagrams of the leading contribution of the local spin
current induced by the inhomogeneity of the SOC strength.
Solid lines denote the free Green’s function. Broken lines
denote the SOC strength (λSO(u)) and double broken lines
denote the impurity potential (U(p)). Wavy lines represent
the vector potential (Al(q,Ω)).
strength. Namely, the leading contribution of spin cur-
rents involving the derivative of the SOC strength has the
form ∂λSO∂Eem. The reason is as follows. Spin current
and electric field are odd under spatial inversion, while
λSO and other quantities are even with respect to spatial
inversion. Therefore, the leading terms including spatial
derivative of the SOC have the forms of ∂2λSOEem or
∂λSO∂Eem. We focus on the contributions ∂λSO∂Eem by
assuming ∂2λSO is negligibly small in this section. Now,
we present the resulting local spin currents. (For the de-
tail of the calculation, refer to Appendix A.) Under the
condition ǫFσ ≫ ~/2τσ(≡ ησ) with τσ ≡ ~/2πu20nimpνσ
the spin-dependent relaxation time and νσ the density
of state with spin index σ = ±1, we obtain three types
of the spin currents induced by an inhomogeneous SOC
(jαs )
local
i = (j
α
s )
(1)
i + (j
α
s )
(2)
i + (j
α
s )
(3)
i :
(jαs )
(1)
i = C(α1eα + α2(eα × ez)) · (∇λSO(r)× ∂iEem(r)),
(8)
(jαs )
(2)
i = C(β1(ei × eα)
+β2(δizeα − δiαez)) · ∇λSO(r)(∇ ·Eem(r)),
(9)
(jαs )
(3)
i = C(γ1eα + γ2(eα × ez)) · (∇λSO(r)×∇Eiem(r)),
(10)
where C ≡ πe~22m (ν↑ + ν↓). The detailed expressions of
αi, βi, and γi (i = 1, 2) are given in Appendix A. For
α = z, the second terms of Eqs. (8), (9) and (10) vanish.
It should be noted that even when M goes to zero, the
spin currents still have finite contributions and become
isotropic in spin space. Therefore, the magnetization is
not indispensable for the spin-current generation itself.
C. Diffusive spin current
+...+...
FIG. 3. Diagrams of the leading contribution of the diffu-
sive spin current induced by the inhomogeneity of the SOC
strength. (a) Contributions with the vertex correction to the
spin-current operator. (b) Contributions with the vertex cor-
rection to the vector potential. (c) The vertex correction is
defined as the summation of the ladder diagram with respect
to the normal impurity potential.
We calculate the diffusive (or non-local) spin current,
which can be obtained by including the vertex correc-
tion to the local spin current. Here, the vertex correc-
tion means the summation of the ladder diagram with
respect to the normal impurity potential as shown in
Fig. 3 (c). Since we focus on the diffusive behavior of
the spin current induced by the exchange coupling, the
ladder diagram does not involve the spin-orbit coupled
impurities. We consider two types of the vertex correc-
tion, i.e., that for the spin-current operator (Fig. 3 (a))
and that for the vector potential (Fig. 3 (b)). The vertex
4correction that cuts across the impurity-averaged line is
negligible because it is of higher order in ησ
22. For the
diffusive contribution under the condition ǫFσ ≫ ~/2τσ,
we obtain two types of the spin currents induced by the
inhomogeneous SOC (jαs )
diffusive
i = (j
α
s )
(1′)
i + (j
α
s )
(2′)
i :
(jαs )
(1′)
i =
{
C
∑
σ(ℜ[ασeα ·Ki(1),σ(r)] + ℑ[ασ(eα × ez) ·Ki(2),σ(r)]), (α = x, y)
C
∑
σ ασez ·Ki(2),σ(r), (α = z)
(11)
Ki(n),σ(r) ≡
∫
dr′
∫
dr′′
∫
dt′ χ(n)σ (r − r′, r − r′′, t− t′)(∇λSO(r′)× ∂iEem(r′′, t′)), (n = 1, 2) (12)
(jαs )
(2′)
i = C
∑
σ
((ei × eα)β1,σ + (δizeα − δiαez)β2,σ) · ∇λSO(r)
∫
dr′
∫
dt′ χσ(r − r′, t− t′)∇ ·Eem(r′, t′).(13)
Here,
χ(1)σ (r1, r2, t) =
∫
dΩ
2π
∑
u,q
eiΩt+iu·r1+iq·r2
Fσ − iGσ , (14)
χ(2)σ (r1, r2, t) =
∫
dΩ
2π
∑
u,q
eiΩt+iu·r1+iq·r2
(Dσ(u+ q)2 − iΩ)τσ ,(15)
χσ(r, t) =
∫
dΩ
2π
∑
q
eiΩt+iq·r
(Dσq2 − iΩ)τσ , (16)
represent the spin-diffusion propagators. Dσ ≡ 2ǫF τσ3m de-
notes the diffusion coefficient. The detailed expressions
of ασ, βi,σ, Fσ, and Gσ (i = 1, 2) are given in Appendix
B. The vertex corrected spin current (jαs )
(1′)
i ((j
α
s )
(2′)
i )
corresponds to the local spin current (jαs )
(1)
i ((j
α
s )
(2)
i ).
There does not exist the diffusive-spin current contribu-
tion which corresponds to (jαs )
(3)
i . (j
α
s )
(2′)
i differs from
(jαs )
(1′)
i in that only the divergence of the external field
propagates.
D. Spin-current absorption
Let us consider a concrete configuration to show the
absorption of the spin current by the inhomogeneous
SOC. We suppose that an external electric field is ap-
plied to a ferromagnetic metal and therefore a spin-
polarized current flows in the y-direction as shown in
Fig. 4. Here, we assume that the applied electric
field varies smoothly in space from the ferromagnet to
the attached non-magnetic metal with SOC, which is
modeled as Eem(r) = Ey
1+tanh(−z/ξE)
2 ey where ξE is
of the order of the lattice constant. We also assume
λSO(r) = λSOθ(z). In the perturbative calculation, we
have considered a smoothly varying SOC strength. How-
ever, this sharp spatial variation of the SOC would give
a qualitatively correct results.22 In the present configu-
ration, a spin-polarized current induced by the external
electric field flows in the direction parallel to the inter-
face. Therefore, our setup is different from that of the
spin-current injection.
The local spin current in the present configuration is
generated when λSO and Eem vary in space, i.e., only
near the interface between the ferromagnetic metal and
the spin-orbit coupled metal. Hence, the local spin
current is not generated in the bulk spin-orbit coupled
metal. We thus focus on the non-local spin current as
the spin-current absorption. Since only (∇λSO(r′) ×
∂iEem(r
′′))j = EyλSOδ(z
′)(2ξE cosh
2(z′′/ξE))
−1δizδjx
remains non-zero and ∇ · Eem = 0, the contribution of
(jαs )
(1′)
m (Eq.(11)) appears in the present configuration.
From Eq. (14), the spin-diffusive propagator in the static
limit (Ω→ 0) reduces to
χ(1)σ (r1, r2) =
π
2DστσAσ
e−
√
Bσ/Dστσ |r1|
|r1| δ(r2 − r1),
(17)
where
Aσ ≡
η2ση
2
+(η
2
+ − 3M2)
(M2 + η2+)
3
− iσMη
2
ση+(3η
2
+ −M2)
(M2 + η2+)
3
, (18)
Bσ ≡
M(M2 + η2+)
2
η2ση+(η
2
+(η
2
+ − 3M2)2 +M2(3η2+ −M2)2)
× (4Mη+(η2+ −M2) + iσ(6η2+M2 −M4 − η4+)) ,
(19)
with η± ≡ η↑±η↓2 . Therefore, we obtain the spin currents
for each spin component from Eq. (11):
jxs =
π2C
2ξE
EyλSO
∑
σ
1
Dστσ
ℜ
[
ασe
−i|z|kσ
s
Aσ
√
Bσ
]
e−|z|/l
σ
s ez,
(20)
jys =
π2C
2ξE
EyλSO
∑
σ
1
Dστσ
ℑ
[
ασe
−i|z|kσ
s
Aσ
√
Bσ
]
e−|z|/l
σ
s ez,
(21)
jzs = 0. (22)
Here
lσs ≡
√
Dστσ∣∣√Bσ∣∣ cos(arg(√Bσ)) , (23)
kσs ≡ sin(arg(
√
Bσ)), (24)
5which represent the spin diffusion length and the wave
number for each spin, respectively. Here, we used the
assumption b≫ lσs with b the diameter of the interface22.
We find that spin currents are induced perpendicularly
to the interface between the ferromagnetic metal and the
spin-orbit coupled metal, and then decay exponentially
in an oscillatory fashion as shown in Fig. 4. This ex-
ponential decay is due to the spin-flip scattering by the
magnetization in the ferromagnet and also the oscillatory
behavior originates from the difference between the Fermi
wave numbers for each exchange spin-split bands. The
above spin currents are spin-polarized perpendicularly to
the spin polarization of the input spin-polarized current
(namely, z component). This reflects the violation of the
conservation law of spin near the interface, and in other
words, spin torque generated at the interface produces
the present spin-current absorption.
It is also found that the magnitudes of the resulting
spin currents in Eqs. (20) and (21) at z = 0 are, respec-
tively, proportional to η
1/2
+ and η−η
−1/2
+ in the dirty limit
(τσ → 0 (σ =↑, ↓)), and η−η1/2+ and η3/2+ in the clean limit
(τσ → ∞ (σ =↑, ↓)). Namely, the magnitude of the ab-
sorbed spin currents gets reduced in clean ferromagnets.
This is due to the competition between the two effects of
impurity scattering. In general, a SOC due to impurities
in clean ferromagnets is weak due to low impurity con-
centration, leading to a small spin current. On the other
hand, low impurity concentration leads to a large spin
current since impurity scattering is suppressed. When
the former effect overcomes the latter, spin currents are
expected to be suppressed in clean ferromagnets. Finally,
we note that for junctions composed of a weak spin-orbit
coupled ferromagnet and a strong spin-orbit coupled non-
magnet (namely, λSO(r) = λ
1
SOθ(z) + λ
2
SOθ(−z) with
λ1SO > λ
2
SO), spin current absorption predicted in this
paper also occurs.
III. ABSORPTION OF SPIN CURRENT
DRIVEN BY SPIN ACCUMULATION
A. Model
In this section, we examine the spin-current absorp-
tion originating from the variation of the SOC strength
in systems with spin accumulation. These systems are
modeled by the conducting electrons in the presence of
the gradient of the spin-dependent chemical potential and
that of the SOC strength. Our Hamiltonian consists of
FIG. 4. (Color online) Schematic illustration of the spin-
current absorption by the input spin-polarized current. The
external electric field Eem is applied to a ferromagnetic metal
and therefore a spin-polarized current jzs flows in the direc-
tion of y axis. The non-magnetic metal attached to the fer-
romagnetic metal has a strong SOC λSO due to impurities.
The diffusive spin currents jx,ys are induced perpendicularly
to the interface and then decay exponentially in an oscillatory
fashion.
H0,Hacc,Himp and H0SO. Here,
H0 =
∑
σ=±1
∫
dr c†σ(r, t)
(
− ~
2
2m
∇2
)
cσ(r, t), (25)
Hacc =
∑
σ=±1
∫
dr µσ(r, t) c
†
σ(r, t)cσ(r, t)
=
∑
σ,σ′=±1
∫
dr c†σ(r, t)(µ¯(r, t)δσσ′ + µs(r, t)σ
z
σσ′ )cσ′ (r, t).
(26)
Here, we have defined the spin accumulation as the differ-
ence between spin-up and spin-down chemical potentials,
namely, µs(r) :=
µ↑−µ↓
2 .
12,13 This spatial distribution of
spin accumulation leads to a diffusive spin current. In
the following, we will also assume the chemical potential
µ¯(r, t) to be constant.
B. Spin-current
We will calculate the spin current corresponding to
the diagrams in Fig. 3 in a similar manner to the pre-
vious section. Here, we have replaced the vector po-
tential A(q,Ω) with the spin accumulation µs(q,Ω) in
the diagrams of Fig. 3. We consider H0 as the non-
perturbative part and Hacc, Himp and H0SO as pertur-
bative parts. In this section, we adopt the self energy
including both the normal and the spin-orbit coupled
impurity potentials22,24. We also treat only the vertex
6correction for the spin-current operator22. This correc-
tion provides a finite decay length of the spin current
determined by the SOC strength. After taking the lesser
component of the Green’s functions and averaging over
impurity positions, the spin current shown in Fig. 2 (a)
and (b) reads
(jαs )m = i
~
2
m
~
∫
dΩ
2π
ΩeiΩt
∑
i,j,k
∑
k,k′,u,q
×ei(u+q)·rλSO(u)µs(q,Ω)〈U(p)U(−p)〉imp
×ǫijkℜ(χαijkm)tr
[
σασkσz
]
. (27)
For the expression of χαijkm, refer to Appendix C. In
the same manner as in the previous section, we expand
the coefficient χαijkm with respect to u and q. Ac-
cording to the inversion operation r → −r, it is found
that only the contributions with an odd order of u
and q remain. Now, we perform the vertex correction
χαijkmtr
[
σασkσz
] → χ˜αijk∑a,b,c,d,e σαdaΓad,cbσkbeσzec
with χ˜αijk being the vertex-corrected coefficient and
Γad,cb being the vertex correction corresponding to the
ladder diagram including the normal and the spin or-
bit coupled impurities22. The contributions from the
vertex-corrected coefficient with the first order of u or
q vanish, and hence the leading contribution in the dif-
fusion regime is of the third order of u and q: χ˜αijk =
χ˜
(2,1)
αijk + χ˜
(1,2)
αijk + · · · , where the superscript (i, j) denotes
the order of u and q. The contributions from χ˜
(3,0)
αijk and
χ˜
(0,3)
αijk vanish exactly.
From the contribution of χ˜
(1,2)
αijkm , we obtain the expres-
sion of the spin current:
(j˜αs )
(1,2)
m = ζ(1,2)
∫
dr′
∫
dr′′
∫
dt′ D(r − r′, r − r′′, t− t′)
× [∂αλSO(r′) ∂z(∂mµs(r′′, t′))
−∂zλSO(r′) ∂α(∂mµs(r′′, t′))] , (28)
where ζ(1,2) ≡ 4π~
2τν
3m with τ ≡ ~/2πu20nimpν being the
relaxation time and ν being the density of state.
D(r1, r2, t) :=
∫
dΩ
2π
∑
u,q
eiΩt+iu·r1+iq·r2
× Ω(1− κ)(1 + 3κ)
Dτ((u+ q)2 + ξ2) + iΩτ
(29)
is the spin-diffusive propagator with κ ≡ λ2SOk4F /3 (kF
is the Fermi wave number), D ≡ 2ǫF τ/3m and ξ ≡√
4κ/Dτ . As seen from Eq.(29), ξ determines the de-
cay length of the spin current.
As for the other contribution χ˜
(2,1)
αijkm, we obtain the
spin current of the form:
(j˜αs )
(2,1)
m = ζ(2,1)
∫
dr′
∫
dr′′
∫
dt′ D(r − r′, r − r′′, t− t′)
× [∂αµs(r′′, t′) ∂z(∂mλSO(r′))
−∂zµs(r′′, t′) ∂α(∂mλSO(r′))] , (30)
where ζ(2,1) ≡ 608π~
2τν
45m
(
ǫF τ
~
)2
. Here, we have focused
on the diffusive spin currents, corresponding to contri-
butions with the vertex correction. It is found that if
the scales of spatial variations of λSO(r) and µs(r, t)
are nearly the same, the magnitude of the spin current
(j˜αs )
(2,1)
m is larger than that of (j˜αs )
(1,2)
m by the factor of
ǫF τ/~.
C. Spin-current absorption
Let us consider a typical configuration in order to in-
vestigate the spin-current absorption. We assume that
two non-magnetic metals with different SOC strengths
are connected at the z = 0 plane as shown in Fig. 5. In
addition, there exists a gradient of the spin accumulation
along the y direction in one of the metals. In the vicinity
of the z = 0 plane, we assume that λSO(r) = λSO(z) and
µs(r, t) = µs(y, z, t), leading to
(j˜xs )z = 0, (31)
(j˜ys )z =
∫
dr′
∫
dr′′
∫
dt′ D(r − r′, r − r′′, t− t′)
× [−ζ(1,2)∂z′′λSO(z′′) ∂z′(∂y′µs(y′, z′, t′)) + ζ(2,1)∂y′µs(y′, z′, t′) ∂2z′′λSO(z′′)] , (32)
(j˜zs )z = 0. (33)
The first term of the right hand side in Eq. (32) rep-
resents the interplay between the variation of the SOC
strength and that of the input spin current near the in-
terface. Note that spin current is induced by the gradient
of the spin accumulation without SOC.13 On the other
hand, the second term comes from the variation of the
SOC strength and uniform input spin current. Remark
that a spin current polarized along the y-axis is generated
as a response to that polarized along the z-axis. Similar
to the absorption of spin currents driven by an external
electric field, a spin current absorbed into the top metal
is non-local, and diffusive spin current decays due to the
spin-orbit coupled scattering as seen from Eq.(29).
7FIG. 5. (Color online) Schematic illustration of the absorp-
tion of spin currents driven by the spin accumulation. The
arrows in the bottom metal denote input spin currents (jzs,in)y
by the spin accumulation. In the top metal, the left arrows
are normal diffusion of the input spin currents (jzs,in)z, which
is irrelevant to the variation of a SOC, whereas the middle
and the right arrows are diffusion of spin currents (jys,abs.)z
induced in the vicinity of the interface, relevant to the differ-
ence of SOCs.
IV. DISCUSSION
In the present study, we have focused on diffusion of
spin currents including the gradient of the SOC strength.
However, there also exists a diffusion of spin currents ir-
relevant to the difference of SOC strength as shown in
Fig. 5. We can extract the former contribution by com-
paring spin currents in the triple lateral spin valves us-
ing middle junctions with different SOC11. In fact, the
absorption of non-local spin currents has been success-
fully demonstrated in the spin-valve measurement con-
sisting of double Py/Cu junctions and middle Au/Cu
junction10,11.
Since the argument based on the mismatch of the spin
resistance by Kimura et al.12 assumes the continuity of
a spin current, the absorbed spin currents are not those
generated at an interface. Consequently, the absorbed
spin currents in our theory are of different origin from
those in the theory based on the spin-resistance mis-
match. Hence, we cannot compare our results with pre-
vious results directly. Both studies show the spin-current
absorption with different mechanisms.
In asymmetric structures, conduction electrons at its
interface in general feel a Rashba SOC25, leading to the
spin polarization under an external electric field or cur-
rent injection26. In the configurations of Figs. 4 and
5, there would exist a Rashba SOC at their interfaces.
The current-induced spin polarization due to the Rashba
SOC may affect the absorption of spin currents predicted
in our models.
V. SUMMARY
We have investigated the generation of spin currents by
an inhomogeneous SOC due to impurities, which have
been applied to the interface system to show the spin-
current absorption. Using the Keldysh Green’s function
formalism, we have presented analytical expressions of
the spin currents with the gradient of the SOC strength
for two systems: the system with field-driven spin cur-
rents and one with spin-accumulation-driven spin cur-
rents. The resulting spin current indicates the absorp-
tion of the spin current at the interface between materials
with different SOC strengths.
In the present study, we assumed a homogeneous mag-
netization. The extension of our model to an inhomoge-
neous magnetization is also an interesting future work.
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Appendix A: Calculation of local spin current
We perturbatively calculate the spin currents induced by the inhomogeneity of the SOC strength using the Keldysh
Green’s function formalism. We first treat the local spin current, which is locally driven by the external electric
field. The leading contribution of the spin current involves the first order with respect to the SOC strength, which
is diagrammatically shown in Fig. 2. The local spin currents with α-component spin polarization flowing in the m
direction, i.e., (jαs )
local
m = (j
α
s )
sj
m + (j
α
s )
sk
m thus read
(jαs )
sj
m = i
~
2
2m
~
e~
2m
∫
dΩ
2π
∫
dω
2π
ΩeiΩt
∑
i,j,k,l
∑
k,k′,u,q
ei(u+q)·rλSO(u)〈U(p)U(−p)〉impAl(q,Ω)ǫijk 2ℜ(χαijklm), (A1)
(jαs )
sk
m = i
~
2
2m
e
∫
dΩ
2π
∫
dω
2π
ΩeiΩt
∑
i,j,k
∑
k,k′,u,q
ei(u+q)·rλSO(u)〈U(p)U(−p)〉impAj(q,Ω)ǫijk 2ℜ(χαikm), (A2)
where the superscripts ”sj” and ”sk” denote the side-jump and the skew-scattering contributions, respectively,27 and
each coefficients are given by
χαijklm = +(k − u− k′)i(k + k′)j(2k − 2u− q)l(2k − u− q)mtr
[
σαgRk σ
kgRk′g
R
k−ug
A
k−u−q
]
+(k′ − k)i(k − u+ k′)j(2k − 2u− q)l(2k − u− q)mtr
[
σαgRk g
R
k′σ
kgRk−ug
A
k−u−q
]
+(k − u− k′)i(k + k′)j(2k′ − q)l(2k − u− q)mtr
[
σαgRk σ
kgRk′g
A
k′−qg
A
k−u−q
]
, (A3)
χαikm = (k − k′ − u− q)i(2k − u− q)mtr
[
σαgRk σ
kgAk′g
A
k−u−q
]
. (A4)
Here, g
R(A)
k ≡ gR(A)k,ω=0, and gRk,ω and gAk,ω denote the non-perturbative retarded and advanced Green’s func-
tion, respectively, which are 2 × 2 matrices in spin space. We also use the Langreth’s method to obtain
[gk1,ω · · · gki,ωgki+1,ω−Ω · · · gkn,ω−Ω]< ≃ −Ωf ′(ω)gRk1,ω · · · gRki,ωgAki+1,ω · · · gAkn,ω with f(ω) the Fermi distribution
function28. Here, we set temperature to zero, i.e., f ′(ω) ≃ −δ(ω).
Since we are interested in spin currents produced by the inhomogeneous SOC strength, we focus on the contribution
which involves the spatial derivative of the SOC strength. After some algebraic calculations, we obtain the above
9coefficients represented as
χαijklm ≃ 2
3
k2(δjluiqm + δjmuiql)
(
tr
[
σαgRk σ
kgRk′g
R
k g
A
k
]
+ tr
[
σαgRk g
R
k′σ
kgRk g
A
k
])
+
4
15
~
2
m
k4(δjluiqm + δjmuiql + δlmuiqj)
(
tr
[
σαgRk σ
kgRk′g
R
k (g
A
k )
2
]
+ tr
[
σαgRk g
R
k′σ
kgRk (g
A
k )
2
])
+
2
3
(
k′2δjluiqm + k
2δjmuiql
)
tr
[
σαgRk σ
kgRk′g
A
k′g
A
k
]
+
8
9
~
2
m
k2k′2δjluiqmtr
[
σαgRk σ
kgRk′g
A
k′(g
A
k )
2
]
+
4
9
~
2
m
k2k′2δjmuiqltr
[
σαgRk σ
kgRk′(g
A
k′)
2gAk
]
, (A5)
χαikm ≃ (uiqm + qium)
(
tr
[
σαgRk σ
kgAk′g
A
k
]
+
~
2
m
k2tr
[
σαgRk σ
kgAk′(g
A
k )
2
])
. (A6)
Here, we assumed the rotational symmetry of the system, i.e.,
∑
k kikj =
∑
k
k2
3 δij and
∑
k kikjklkm =
∑
k
k4
15 (δijδlm+
δilδjm + δimδjl). We remark that if we do not consider the inhomogeneity of the external electric field, the present
contributions vanish. The inhomogeneity of the external electric field is required to obtain the contributions from the
inhomogeneous SOC strength.
Next, we take traces over spin space in Eqs. (A5) and (A6) by using the formula tr[σαAσkB] =
∑
σ=±1(δαk −
δαzδkz − iσǫαzk)AσBσ¯ +
∑
σ=±1 δαzδkzAσBσ with A,B Green’s functions, and then Eqs. (A1) and (A2) reduce to
(jαs )
sj
m ≃
e~2
2m
u20nimp
∫
dΩ
2π
ΩeiΩt
∑
u,q
∑
i,j,k,l
ei(u+q)·rλSO(u)Al(q,Ω)ǫijk
∑
σ
((δαk − δαzδkz)ℜ+ σǫαkℑ)
×
[
2
3
δjluiqm
(
(Iσ01;00 + I
σ
10;00)
(
Qσ11;01 +
4
5
Sσ11;02
)
+Qσ01;01I
σ
10;01 +
8
3
Qσ01;01Q
σ
10;02
)
+
2
3
δjmuiql
((
Iσ01;00 + I
σ
10;00
)(
Qσ11;01 +
4
5
Sσ11;02
)
+ Iσ01;01Q
σ
10;01 +
4
3
Qσ01;02Q
σ
10;01
)
+
8
15
δlmuiqj(I
σ
01;00 + I
σ
10;00)S
σ
11;02
]
+
e~2
2m
u20nimp
∫
dΩ
2π
ΩeiΩt
∑
u,q
∑
i,j,k,l
ei(u+q)·rλSO(u)Al(q,Ω)ǫijk
∑
σ
δαzδkzℜ
×
[
2
3
δjluiqm
(
2Iσ10;00
(
Qσ20;10 +
4
5
Sσ20;20
)
+Qσ10;10I
σ
10;10 +
8
3
Qσ10;10Q
σ
10;20
)
+
2
3
δjmuiql
(
2Iσ10;00
(
Qσ20;10 +
4
5
Sσ20;20
)
+ Iσ10;10Q
σ
10;10 +
4
3
Qσ10;20Q
σ
10;10
)
+
16
15
δlmuiqjI
σ
10;00S
σ
20;20
]
, (A7)
(jαs )
sk
m ≃
e~2
2m
u20nimp
∫
dΩ
2π
ΩeiΩt
∑
i,j,k
∑
u,q
ei(u+q)·rλSO(u)Aj(q,Ω)ǫijk
[∑
σ
(δαk − δαzδkz)ℜ+ σǫαkℑ)
×uiqmIσ00;01(Iσ10;01 + 2Qσ10;02) +
∑
σ
δαzδkzuiqmℜIσ00;10(Iσ10;10 + 2Qσ10;20)
]
. (A8)
Here, we define integrals of the Green’s functions appearing in the above expressions as
Iσab;cd ≡
∑
k
(gRk,σ)
a(gRk,σ¯)
b(gAk,σ)
c(gAk,σ¯)
d, (A9)
Qσab;cd ≡
∑
k
ǫk(g
R
k,σ)
a(gRk,σ¯)
b(gAk,σ)
c(gAk,σ¯)
d, (A10)
Sσab;cd ≡
∑
k
ǫ2k(g
R
k,σ)
a(gRk,σ¯)
b(gAk,σ)
c(gAk,σ¯)
d, (A11)
where gRk,σ = [ǫFσ−ǫk+iησ]−1 with ησ ≡ ~/2τσ and gAk,σ = (gRk,σ)∗ with ǫk ≡ ~
2k2
2m . We sum up Eqs. (A7) and (A8) and
consider the dominant contribution from the integrals of the Green’s functions under the condition ǫFσ ≫ ~/2τσ. By
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carrying out the integrals of the Green’s functions in Eqs.(A9-A11) and transforming to the real-space representation,
we obtain the local spin current of the form
(jαs )m ≃
πe~2
2m
(ν↑ + ν↓) [(α1eα + α2(eα × ez)) · (∇λSO(r)× ∂mEem(r))
+(β1(em × eα) + β2(δmzeα − δmαez)) · ∇λSO(r)(∇ ·Eem(r))
+(γ1eα + γ2(eα × ez)) · (∇λSO(r)×∇Emem(r))] . (A12)
Here, each coefficients are dimensionless and given by
αi ≡ γi + δi, (A13)
βi ≡ γi + ǫi, (A14)
δ1 ≡
{
16
9
(
ǫFM
2η+
(M2+η2
+
)2
− 14 1ν↑+ν↓
η+
M2+η2
+
∑
σ ǫFσνσ¯
)
, (α = x, y)
− 49 ǫFη+ , (α = z)
(A15)
δ2 ≡ 16
9
(
ǫFM(M
2 − η2+)
(M2 + η2+)
2
− 1
4
1
ν↑ + ν↓
M
M2 + η2+
∑
σ
ǫFσνσ¯
)
, (A16)
ǫ1 ≡
{
8
9
(
M
M2+η2
+
∑
σ σǫFσ
ǫFσ
ησ
+ 2ν↑+ν↓
∑
σ
ǫFσ
ησ
νσ¯
)
, (α = x, y)
16
9
ǫFσ
ησ
, (α = z)
(A17)
ǫ2 ≡ 8
9
η+
M2 + η2+
∑
σ
σǫFσ
ǫFσ
ησ
, (A18)
γ1 ≡


2
15
[
Mη+
M2+η2
+
∑
σ σ
(
ǫFσ
ησ
)2
+ Mη−
M2+η2
−
∑
σ
(
ǫFσ
ησ
)2
− Mη
2
+
(M2+η2
+
)2
∑
σ σǫFσ
ǫFσ
ησ
− ǫF η+
M2+η2
+
]
, (α = x, y)
− 215 ǫFη+ , (α = z)
(A19)
γ2 ≡ − 2
15
[
M2(η2+ − η2−)
(M2 + η2+)(M
2 + η2−)
∑
σ
σ
(
ǫFσ
ησ
)2
+
η+(M
2 − η2+)
(M2 + η2+)
2
∑
σ
σǫFσ
ǫFσ
ησ
+
ǫFM
M2 + η2+
]
, (A20)
and η± ≡ η↑±η↓2 .
Appendix B: Calculation of diffusive spin current
We calculate the diffusive (or non-local) spin current, which is represented by the vertex correction to the local spin
current. This can be performed by replacing χαijklm and χαikm in Eqs. (A1) and (A2) with χ˜αijklm = Γ
m
u,qΠu,qχ
(1)
αijkl+
ΓlqΠqχ
(2)
αijkm and χ˜αikm = Γ
m
u,qΠu,qχαik, respectively, where
Γmσ,σ¯(u) =
u20nimp
V
∑
k
(2k − u)mgRk,ω,σgAk−u,ω−Ω,σ¯, (B1)
Πσ,σ¯(u) =
∞∑
n=0
(
u20nimp
V
∑
k
gRk,ω,σg
A
k−u,ω−Ω,σ¯
)n
, (B2)
(B3)
χ
(1)
αijkl = +(k − u− k′)i(k + k′)j(2k − 2u− q)ltr
[
σαgRk σ
kgRk′g
R
k−ug
A
k−u−q
]
+(k′ − k)i(k − u+ k′)j(2k − 2u− q)ltr
[
σαgRk g
R
k′σ
kgRk−ug
A
k−u−q
]
+(k − u− k′)i(k + k′)j(2k′ − q)ltr
[
σαgRk σ
kgRk′g
A
k′−qg
A
k−u−q
]
, (B4)
χ
(2)
αijkm = +(k − u− k′)i(k + k′)j(2k − u− q)mtr
[
σαgRk σ
kgRk′g
R
k−ug
A
k−u−q
]
+(k′ − k)i(k − u+ k′)j(2k − u− q)mtr
[
σαgRk g
R
k′σ
kgRk−ug
A
k−u−q
]
+(k − u− k′)i(k + k′)j(2k − u− q)mtr
[
σαgRk σ
kgRk′g
A
k′−qg
A
k−u−q
]
, (B5)
χαik = (k − k′ − u− q)itr
[
σαgRk σ
kgAk′g
A
k−u−q
]
. (B6)
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Expanding with respect to u or q, we obtain the leading contributions as follows
χ
(1)
αijkl ≃ −
2
3
k2δjlui
(
tr
[
σαgRk σ
kgRk′g
R
k g
A
k
]
+ tr
[
σαgRk g
R
k′σ
kgRk g
A
k
])− 2
3
k′2δjluitr
[
σαgRk σ
kgRk′g
A
k′g
A
k
]
−4
9
~
2
m
k2k′2δjl(u + q)itr
[
σαgRk σ
kgRk′g
A
k′(g
A
k )
2
]
, (B7)
χ
(2)
αijkm ≃ −
2
3
k2δjmui
(
tr
[
σαgRk σ
kgRk′g
R
k g
A
k
]
+ tr
[
σαgRk g
R
k′σ
kgRk g
A
k
])− 2
3
k2δjmuitr
[
σαgRk σ
kgRk′g
A
k′g
A
k
]
−4
9
~
2
m
k2k′2δimqjtr
[
σαgRk σ
kgRk′(g
A
k′)
2gAk
]
, (B8)
χαik ≃ −(u+ q)i
(
tr
[
σαgRk σ
kgAk′g
A
k
]
+
1
3
~
2
m
k2tr
[
σαgRk σ
kgAk′(g
A
k )
2
])
. (B9)
Next, we take traces over spin space in Eqs. (B7), (B8) and (B9) in a similar manner to the local spin current, and
then the diffusive spin currents are reduced to
(jαs )
sj
m ≃
e~2
2m
u20nimp
∫
dΩ
2π
ΩeiΩt
∑
u,q
∑
i,j,k,l
ei(u+q)·rλSO(u)Al(q,Ω)ǫijk
∑
σ
((δαk − δαzδkz)ℜ+ σǫαkℑ)
×
[
2
3
δjluiqm Πσ,σ¯(u+ q)u
2
0nimpI
σ
10;01
(
(Iσ01;00 + I
σ
10;00)Q
σ
11;01 +Q
σ
01;01I
σ
10;01 +
4
3
Qσ01;01Q
σ
10;02
)
+
2
3
δjmuiql Πσ,σ(q)u
2
0nimpI
σ
10;10
(
(Iσ01;00 + I
σ
10;00)Q
σ
11;01
)
+ Iσ01;01Q
σ
10;01
]
+
e~2
2m
u20nimp
∫
dΩ
2π
ΩeiΩt
∑
u,q
∑
i,j,k,l
ei(u+q)·rλSO(u)Al(q,Ω)ǫijk
∑
σ
δαzδkzℜ
×
[
2
3
δjluiqm Πσ,σ(u+ q)u
2
0nimpI
σ
10;10
(
2Iσ10;00Q
σ
20;10 +Q
σ
10;10I
σ
10;10 +
4
3
Qσ10;10Q
σ
10;20
)
+
2
3
δjmuiql Πσ,σ(q)u
2
0nimpI
σ
10;10
(
2Iσ10;00Q
σ
20;10 + I
σ
10;10Q
σ
10;10
)]
, (B10)
(jαs )
sk
m ≃
e~2
2m
u20nimp
∫
dΩ
2π
ΩeiΩt
∑
i,j,k
∑
u,q
ei(u+q)·rλSO(u)Aj(q,Ω)ǫijk
[∑
σ
(δαkℜ+ σǫαkℑ)(uiqm + qium) Πσ,σ¯(u+ q)u20nimpIσ10;01
(
Iσ00;01I
σ
10;01 +
2
3
Iσ00;01Q
σ
10;02
)
+
∑
σ
δαzδkzℜ(uiqm + qium) Πσ,σ(u+ q)u20nimpIσ10;10
(
Iσ00;10I
σ
10;10 +
2
3
Iσ00;10Q
σ
10;20
)]
. (B11)
Here
Πσ,σ¯(u) ≃
[
1−
(
u20nimpI
σ
10;01 + ~Ω u
2
0nimpI
σ
10;02 + 4
~
2
2m
1
3
u2u20nimpQ
σ
10;03
)]−1
, (B12)
Πσ,σ(u) ≃
[
1−
(
u20nimpI
σ
10;10 + ~Ω u
2
0nimpI
σ
10;20 + 4
~
2
2m
1
3
u2u20nimpQ
σ
10;30
)]−1
. (B13)
By carrying out the above integrals of the Green’s functions and transforming to the real-space representation using
uλSO(u) = −i
∫
dr′ ∇r′λSO(r′)e−ir′·u and ΩqmA(q,Ω) = −
∫
dt′
∫
dr′′ ∂′′mA˙(r
′′, t′)e−ir
′′·qe−iΩt
′
, we obtain the
12
diffusive spin current of the form
(jαs )m ≃
πe~2
2m
(ν↑ + ν↓)
×
[
(δαx + δαy)
∑
σ
(eαℜασ + (eα × ez)ℑασ) ·
∫
dr′
∫
dr′′
∫
dt′
∫
dΩ
2π
∑
u,q
eiΩ(t−t
′)+iu·(r−r′)+iq·(r−r′′)
Fσ − iGσ (∇λSO(r
′)× ∂mEem(r′′, t′))
+δαz
∑
σ
ασez ·
∫
dr′
∫
dr′′
∫
dt′
∫
dΩ
2π
∑
u,q
eiΩ(t−t
′)+iu·(r−r′)+iq·(r−r′′)
(Dσ(u+ q)2 − iΩ)τσ (∇λSO(r
′)× ∂mEem(r′′, t′))
+
∑
σ
(β1,σ(ei × eα) + β2,σ(δizeα − δiαez)) · ∇λSO(r)
∫
dr′
∫
dt′
∫
dΩ
2π
∑
q
eiΩ(t−t
′)+iq·(r−r′)
(Dσq2 − iΩ)τσ ∇ ·Eem(r
′, t′)
]
,
(B14)
where
ασ ≡
{
2
9
Mη+((1+σ)η
2
+−M
2)
(M2+η2
+
)3
ǫ2Fσ + i
2
9
η2+((1+σ)M
2−η2+)
(M2+η2
+
)3
ǫ2Fσ, (α = x, y)
− 19 ǫFση+ , (α = z)
(B15)
β1,σ ≡
{
− 23 ǫFσ¯τσ¯~
M2(η2+−η
2
−)
(M2+η2
+
)(M2+η2
−
)
+ π2 τσνσ
~
ν↑ν↓
ǫFσ
ησ
, (α = x, y)
π2 τσνσ
~
ν↑ν↓
ǫFσ
ησ
, (α = z)
(B16)
β2,σ ≡ 2
3
ǫFσ¯τσ¯
~
M(η+ + σ¯η−)(η+η− + σ¯M
2)
(M2 + η2+)(M
2 + η2−)
, (B17)
Fσ ≡ M
2
M2 + η2+
+
2σMηση
2
+
(M2 + η2+)
2
Ωτσ +
η2ση
2
+(η
2
+ − 3M2)
(M2 + η2+)
3
2ǫFσ¯τσ
3m
(u+ q)2τσ, (B18)
Gσ ≡ σMη+
M2 + η2+
+
ηση+(η
2
+ −M2)
(M2 + η2+)
2
Ωτσ +
σMη2ση+(3η
2
+ −M2)
(M2 + η2+)
3
2ǫFσ¯τσ
3m
(u+ q)2τσ, (B19)
Dσ ≡ 2ǫF τσ
3m
. (B20)
Appendix C: Calculation of spin current driven by spin accumulation
The spin current shown in Fig. 2 (a) and (b) reads
(jαs )m = −
~
2
2m
~
∫
dΩ
2π
ΩeiΩt
∑
i,j,k
∑
k,k′,u,q
ei(u+q)·rλSO(u)〈U(p)U(−p)〉impµs(q,Ω)ǫijktr
[
σασkσz
]
2ℜ(χαijkm)
= −4i ~
2
2m
~u20nimp
∫
dω
2π
∑
i,j
∑
k,k′,u,q
ei(u+q)·rλSO(u)µs(q,Ω)(δizδjα − δiαδjz)ℜ(χαijkm), (C1)
χαijkm = (k − u− k′)i(k + k′)j(2k − u− q)mgRk gRk′gRk−ugAk−u−q + (k′ − k)i(k − u+ k′)j(2k − u− q)mgRk gRk′gRk−ugAk−u−q
+(k − u− k′)i(k + k′)j(2k − u− q)mgRk gRk′gAk′−qgAk−u−q. (C2)
As for the above coefficient χαijkm , the contribution involving two q’s and one u is calculated as follows;
χ
(1,2)
αijkm = −
2
3
~
2
2m
[
2k2uiqmqj g
R
k′(g
R
k )
2(gAk )
2 + k2uiqmqjg
R
k g
R
k′g
A
k′(g
A
k )
2 + k′2uiqjqmg
R
k g
R
k′(g
A
k′)
2gAk
]
−8
9
(
~
2
2m
)2
k2k′2qjumqi g
R
k′(g
A
k′)
2gRk (g
A
k )
2. (C3)
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The resultant spin current reduces to
(jαs )
(1,2)
m = −4
~
2
2m
~u20nimp
∫
dΩ
2π
ΩeiΩt
∑
u,q
ei(u+q)·rλSO(u)µs(q,Ω)(uαqmqz − uzqmqα) 4
3
ℜ [Iσ10;00Qσ20;20 + Iσ10;10Qσ10;20] .
(C4)
Now we perform the vertex correction χαijkmtr
[
σασkσz
] → χ˜αijk∑a,b,c,d,e σαdaΓad,cbσkbeσzec with Γad,cb being the
vertex correction corresponding to the ladder diagram including the normal impurity and the SOC due to impurities22,
and
χ˜αijk = (k − u− k′)i(k + k′)jgRk gRk′gRk−ugAk−u−q + (k′ − k)i(k − u+ k′)jgRk gRk′gRk−ugAk−u−q
+(k − u− k′)i(k + k′)jgRk gRk′gAk′−qgAk−u−q. (C5)
According to Ref. 22, the vertex correction is calculated as Γad,cb(q,Ω) = ΓC(q,Ω)δadδcb + ΓS(q,Ω)
∑
l σ
l
adσ
l
cb with
ΓC(q,Ω) =
1 + 3κ
2(Dq2 + iΩ)τ
, (C6)
ΓS(q,Ω) =
(1 − κ)(1 + 3κ)
2(4κ+ (Dq2 + iΩ)τ)
, (C7)
leading to ∑
a,b,c,d,e
σαdaΓad,cbσ
k
beσ
z
ec = ΓCtr[σ
α1ˆ]tr[1ˆσkσz ] +
∑
l
ΓStr[σ
ασl]tr[σlσkσz ]
= 4iǫαkzΓS . (C8)
Here, τ ≡ ~/2πu20nimpν, κ ≡ λ2SOk4F /3 (kF is the Fermi wave number), D ≡ 2ǫF τ/3m, and ξ ≡
√
4κ/Dτ . 1ˆ is the
identity matrix. Therefore, we obtain the spin current including the vertex correction of the form
(j˜αs )
(1,2)
m ≃
4π~2τν
3m
∫
dr′
∫
dr′′
∫
dt′
∫
dΩ
2π
∑
u,q
eiΩ(t−t
′)+iu·(r−r′)+iq·(r−r′′) Ω/τ(1 − κ)(1 + 3κ)
D((u+ q)2 + ξ2) + iΩ
× (∂αλSO(r′) ∂z(∂mµs(r′′, t′)) − ∂zλSO(r′) ∂α(∂mµs(r′′, t′))) , (C9)
with ν being the density of state. We remark that the spin-diffusion propagator is given by
D(r1, r2, t) :=
∫
dΩ
2π
∑
u,q
eiΩt+iu·r1+iq·r2Ω/τ(1 − κ)(1 + 3κ)
D((u + q)2 + ξ2) + iΩ
= −δ(r2 − r1)
√
π
Dt
(
Dξ2 − |r1|
2
4Dt2
+
1
2t
)
exp
[
−
(
Dξ2t+
|r1|2
4Dt
)]
. (C10)
On the other hand, the contribution involving two u’s and one q is given as follows;
χ
(2,1)
αijkm = −
4
3
~
2
2m
k2uiujqm[g
R
k g
R
k′g
R
k )
2gAk −
8
15
(
~
2
2m
)2
k4(uiujqm + uiuoqoδjm + uiumqj)g
R
k g
R
k′(g
R
k )
2(gAk )
2
−4
3
~
2
2m
k2ui(umqj + qmuj)g
R
k g
R
k′g
R
k (g
A
k )
2 − 1
3
k2(uiumqj + uiujqm)g
R
k g
R
k′g
A
k′(g
A
k )
2
−1
3
k′2uiumqjg
R
k g
R
k′(g
A
k′)
2gAk −
4
9
k2k′2uiumqjg
R
k g
R
k′(g
A
k′)
2(gAk )
2. (C11)
The corresponding spin current reduces to
(jαs )
(2,1)
m = −4
~
2
2m
~u20nimp
∫
dΩ
2π
ΩeiΩt
∑
u,q
ei(u+q)·rλSO(u)µs(q,Ω)
∑
i,j,k
ǫijkǫαkz
×
(
uiumqjℜ
[
−4
3
Iσ10;00Q
σ
20;20 −
4
3
Iσ10;10Q
σ
10;20 −
16
9
(Qσ10;20)
2 − 16
15
Iσ10;00S
σ
30;20
]
+ uiuoqoδjmℜ
[
−16
15
Iσ10;00S
σ
30;20
])
.
(C12)
By performing the vertex correction, we obtain the final expression of the spin current
(j˜αs )
(2,1)
m ≃
152π~2τν
45m
(
2ǫF τ
~
)2 ∫
dr′
∫
dr′′
∫
dt′
∫
dΩ
2π
∑
u,q
eiΩ(t−t
′)+iu·(r−r′)+iq·(r−r′′) Ω/τ(1 − κ)(1 + 3κ)
D((u + q)2 + ξ2) + iΩ
× (∂αµs(r′, t′) ∂z(∂mλSO(r′′))− ∂zµs(r′, t′) ∂α(∂mλSO(r′′))) . (C13)
